We prove (something more general than) the result that a convex subset of a Banach space is closed if and only if every contraction of the space leaving the convex set invariant has a fixed point in that subset. This implies that a normed space is complete if and only if every contraction on the space has a fixed point. We also show thai these results fail if "convex" is replaced by "Lipschitz-connected" or "starshaped".
In the last few years a metric space variational principle due to Ekeland [3] and an equivalent fixed point theorem due to Caristi have been profitably exploited in a variety of contexts ( [2, 4, 12] , and the references therein). It is easy to deduce the contraction principle [1] from either of these results [2, 12] ; and it is equally apparent from the proof of Ekeland's principle given in [3] that the later result is of "contractive type". This leads naturally to the question as to whether Ekeland's principle may be derived directly from the contraction principle? Moreover, in [5] Kirk showed that Caristi's theorem holds only in a complete metric setting and Sullivan [11] showed the same for Ekeland's theorem. Thus we are led to ask under what circumstances a metric space with the contraction property (every metric contraction of the space has a fixed point) is complete? Janos [8] calls such spaces pseudocomplete. Many other authors ( [5, 8, 9, 10] included) have considered the contraction property in some form or other. Our positive result requires the following definition.
Let us say that a subset C of metric space A endowed with a metric d is uniformly Lipschitz-connected if there exists a positive constant L such that given any x° and x1 in C there exists an arc g: [0,1] -C with g(0) -x° and g(\) = x1 such that (1) d{g(s),g(t))<L\s-t\d(g(0),g(\)) for 0 < s, t *£ 1. The prototype of a uniformly Lipschitz-connected set is a convex subset of a normed space. In this case g(s) '•-sx1 + (1 -s)x° satisfies (1) with L '■= 1. This is also true in certain translation invariant linear metric spaces. It will be apparent that there are many other types of uniformly Lipschitz-connected sets. These include continuously differentiable finite dimensional surfaces and bi-Lipschitz images of uniformly Lipschitz-connected sets.
Theorem 1. Let C be a uniformly Lipschitz-connected subset of a complete metric space X. Then the following are equivalent.
(i) C is closed.
(ii) Every metric contraction of C has a fixed point in C. (iii) Every metric contraction of X which leaves C invariant has a fixed point in C.
Proof. That (i) implies (ii) is immediate from the contraction principle [6] since C is complete in the subspace metric. Clearly (ii) implies (iii). It remains to show that (iii) implies (i). To this end suppose C is not closed. Choose any x in the closure of C which is not in C. Select, as we may, points xk in C for k E N such that It is clear from (4) and (5) that T is a metric contraction (with contraction constant |). Also
so that x is the unique fixed point of T in A. Finally observe that, as x does not belong to C, Proof. Consider the space as a uniformly Lipschitz-connected subset of its metric completion [6] and apply Theorem 1. D In particular a normed space is complete if and only if it has the contraction property. One can not hope to extend Theorem 1 or Corollary 2 much as the following example illustrates. Since C+(a) is compact and nonempty, T has a fixed point in C+(a) and so, a fortiori, in C. Thus C has the contraction property. □ In particular C satisfies (ii) of Theorem 1 and not (i). Note also that C does not have the fixed point property, [10] . The preceding results show that in a normed setting the contraction principle and Ekeland's principle are equivalent but that this fails more generally. It follows that there is no derivation of Ekeland's principle entirely from the contraction principle. In [5] Kirk remarks, without example, that the contraction property holds in some incomplete metric spaces. This follows, of course, from the fact that there are nonclosed subsets of R" with the fixed point property [10] .
Recall that a subset S of a normed space is said to be starshaped at s m S if conv{x, i)CS whenever x is in S. Starshaped sets thus provide another natural class of arcwise-connected subsets which are not, in general, Lipschitz-connected. It might, nonetheless, be conjectured that Theorem 1 remains true with " uniformly Lipschitz-connected" replaces by "starshaped"; after all starshaped sets are well behaved topologically and share many other properties with convex sets. Our final example shows that this conjecture is false.
Example 4. There exists an incomplete starshaped subset of the Euclidean plane with the contraction property. Since Tis a contraction on a bounded metric space the diameter of T"(C) shrinks to zero. It follows that, for any x in C, T"(x) converges to (0,0). In consequence (0,0)
is a fixed point of T.
In either case T has a fixed point and so C has the contraction property. D We observe that the previous example may be extended to show that (18) C:= U {CJ*€N} has the contraction property whenever {Ck \ k E N} is a family of closed connected subsets of a bounded complete metric space whose intersection is a singleton point of disconnection. It should also be observed that the set of (15) in Example 4 does have the fixed point property as the argument of [10, p. 21] can be used to show.
It seemingly remains open as to whether the multivalued contraction principle [9] characterizes completeness of a metric space. Another converse result related to ours may be found in [7] . As the referee has observed, the examples and theorem relate closely to the question of when the completion of a locally connected metric space is locally connected. A theorem relevant to this is stated in [8] .
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